Algorithms: Test 3 on Dynamic Programming




1. Suppose you are given three strings of English letters X = x1x2…xm, Y = y1y2…ym, Z = z1z2…zm+n. The string Z is a shuffle of X and Y if and only if Z can be formed by interspersing the characters from X and Y in a way that preserves the left-to-right ordering of the characters from X and Y respectively. For example, cchocohilaptes is a shuffle of chocolate and chips, but chcccochilatspe is not. 
(i) Design a dynamic programming algorithm with that will determine whether Z is a shuffle of X and Y given any strings X,Y, and Z. (ii) Analyze the running time of your algorithm and show that it is polynomial in n and m. (iii) demonstrate concretely how you can apply your algorithm to determine whether chocochilatspe is a shuffle of chocolate and chips.   

2. Suppose you are managing the construction of billboards on the Imperial Highway, a heavily traveled stretch of road that runs west-east for M miles. The possible sites for billboards are given by numbers x1, x2, . . . , xn, each in the interval [0, M] (specifying their position along the highway, measured in miles from its western end). If you place a billboard at location xi, you receive a revenue of ri> 0.

Regulations imposed by the county's Highway Department require that no two of the billboards be within less than or equal to 5 miles of each other. You would like to place billboards at a subset of the sites so as to maximize your al revenue, subject to this restriction. 
(i) Give an algorithm that takes an instance of this problem as input and returns the maximum total revenue that can be obtained from any valid subset of sites. (ii) Analyze the running time of your algorithm and show that it is polynomial in n. (iii) demonstrate concretely how you can apply your algorithm to determine an optimal solution when M = 20, n = 4, and
                        {x1, x2, x3, x4} = {6, 7, 12, 14} and {r1, r2, r3, r4} = {5, 6, 5, 1}.

3. Given an unlimited supply of 5¢, 4¢, 1¢ stamps and an amount of N¢, we want to use the minimum number of stamps possible totaling to the amount of N¢.  (i) First, give a counterexample to show that the greedy approach of using as many stamps of 5¢ stamps, then 4¢ stamps, and then 1¢ stamps fails to solve this problem. (ii) Devise a dynamical programming algorithm to solve the problem and show that it is an O(N)-time algorithm (iii) Show how you can apply your algorithm to choose the minimum number of stamps totaling to the amount of 23¢.   

4. Suppose you're managing a consulting team of expert computer hackers, and each week you have to choose a job for them to undertake. Now, as you can well imagine, the set of possible jobs is divided into those that are low-stress (e.g., setting up a Web site for a class at the local elementary school) and those that are high-stress (e.g., protecting the nation's most valuable secrets). The basic question, each week, is whether to take on a low-stress job or a high-stress job.

    If you select a low-stress job for your team in week i, then you get a revenue of li > 0 dollars; if you select a high-stress job, you get a revenue of hi >0 dollars. The catch, however, is that in order for the team to take on a high-stress job in week i, it's required that they do no job (of either type) in week i - 1; they need a full week of prep time to get ready for the crushing stress level. On the other hand, it's okay for them to take a low-stress job in week i even if they have done a job (of either type) in week i - 1.

So,   given  a  sequence   of  n  weeks,   a   plan  is   specified  by  a  choice  of I "low-stress," "high-stress," or "none" for each of the n weeks, with the property that if "high-stress" is chosen for week i > 1, then "none" has to be chosen for week i - 1. It's okay to choose a high-stress job in week 1. The value of the plan is determined in the natural way: for each i, you add li to the value if you choose "low-stress" in week i, and you add hi to the value if you choose "high-stress" in week i. You add 0 if you choose I'  "none" in week i. 

(i) Give an algorithm that takes an instance of this problem as input and returns a plan of maximal value. (ii) Analyze the running time of your algorithm and show that it is polynomial in n. (iii) demonstrate concretely how you can apply your algorithm to determine an optimal solution when 

n = 4, and the values of li and hi are given by the following table. 

	
	i=1
	i=2
	i=3
	i=4

	li
	10
	1
	10
	10

	hi
	5
	50
	5
	1


5.  If a text of an English-like language were written without spaces, then understanding the text means taking a string like "meetateight" and deciding that the best segmentation is "meet at eight" (and not "me et at eight," or "meet ate ight," or any of a huge number of even less plausible alternatives). Consider how we could automate this process given a vocabulary set S containing all the words of a language. Very naturally we want to find a segmentation that simply maximizes the sum of "quality values" of its individual constituent segments. A segment (like "me" for the English vocabulary set) which is actually a word appearing in the vocabulary set S would has a quality value 1, while a segment (like "ght" for the English vocabulary set) that is not a word in S, has a quality value -1.
    Given a text as a long string of n letters y = y1 y2 … yn and a vocabulary set S of words, (i) design an efficient algorithm that computes a segmentation with maximum total quality, assuming that the vocabulary set S of words is implemented and provided as a hash table that can determine in constant time whether a given segment is actually one of the words in the vocabulary set S, (ii) analyze the running time of your algorithm and show that it is polynomial in n. (iii) demonstrate concretely how you can apply your algorithm to determine an optimal segmentation when 

n = 11, and y = "meetateight" and the vocabulary set S={"me", "meet", "ate", "at", "eight”}.
