Homework 3: Application of the Hidden Markov Models
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You are traveling along a foreign country in a big city, and would like to go from region A to region D through two itermidiate regions C and D. However, the traffic is bad, and signs are not easy to see, and you may take a wrong way and may make circles in the same region. Ater a while, you get lost, and are not sure where you are. The diagram above shows the probability of how likely you as a new comer can go from one region to the next.

You call your friend for help, and he tries to help you identify where you are. There are seven kinds of landscapes in the citys namely X1, X2, X3, X4, X5, X6, X7. You remember that you have visted 4 regions and you can see 4 landscapes X1,X3,X4,X6 respectively. You see landscape X1 in the first region, X3 in the second region, X4 in the third region, and X6 in the fourth region. You friend tells you the following information about how likely you’ll see a particular landscape in a particular region:

	
	X1

X2

X3

X4

X5

X6

X7

	Region A:


	0.5

0.2

0.3



	Region B:
	0.2

0.7

0.1

	Region C:


	0.1

0.5

0.4



	Region D:
	1.0


Task 1: What is the most likely 4-city trajectory of your journey?
Task 2: What is the most likely region where you are in the end?
Task 3: What is the probability of seeing 4 landscapes X1,X3,X4,X6 when going through a series of 4 regions in that city?
Probabilistic Inference with the Hidden Markov Model 

Task1: How to calculate the most likely trajectory of your journey?

Approach:

Incrementally determine all the most likely trajectories of length 1, 2, 3, 4 respectively that (i) start from region A and (ii) end in region A, or Region B, or Region C, or Region D respectively. By most likely trajectories, we mean that the probabilities of (i) going through these trajectories and (ii) actually observing the landscapes as you report are maximal among their comparable peers. We can incrementally calculate these probabilities as follows:

Stage 1: Calculate the probabilities of going through the most likely trajectories of length 1, seeing X1, and ending in A, or B, or C, or D respectively.
	
	X1
	X3
	X4
	X6
	

	Region A
	0.5
	
	
	
	

	Region B
	0
	
	
	
	

	Region C
	0
	
	
	
	

	Region D
	0
	
	
	
	


Stage 2: Based on stage 1, calculate the probabilities of going through the most likely trajectories of length 2, seeing X1, X3 and ending in A, or B, or C, or D respectively.
	
	X1
	X3
	X4
	X6
	

	Region A
	0.5
	0.5*0.3*0.3 = 0.045

(extended from A)  
	
	
	

	Region B
	0
	0.5*0.7*0.2 = 0.070

(extended from A)
	
	
	

	Region C
	0
	0
	
	
	

	Region D
	0
	0
	
	
	


Stage 3: Based on stage 2, calculate the probabilities of going through the most likely trajectories of length 3, seeing X1, X3, X4 and ending in A, or B, or C, or D respectively.
	
	X1
	X3
	X4
	X6
	

	Region A
	0.5
	0.045
	0.045*0.3*0 = 0

(extended from A)
	
	

	Region B
	0
	0.070
	Max(

0.045*0.7*0.7 if from A

0.070*0.9*0.7 if from B

) = 0.0441

(extended from B)
	
	

	Region C
	0
	0
	0.070*0.1*0.1 = 0.0007

(extended from B)
	
	

	Region D
	0
	0
	0
	
	


Stage 4: Based on stage 3, calculate the probabilities of going through the most likely trajectories of length 4, seeing X1, X3, X4, X6 and ending in A, or B, or C, or D respectively.
	
	X1
	X3
	X4
	X6
	

	Region A
	0.5
	0.045
	0
	0
	

	Region B
	0
	0.070
	0.0441
	0.0441*0.9*0 = 0

(extended from B)
	

	Region C
	0
	0
	0.0007 
	Max(

0.0441*0.1*0.5 if from B

0.0007*0.4*0.5 if from C

) = 0.002205

(extended from B)
	

	Region D
	0
	0
	0
	0.0007*0.6*0 = 0
	


Final result: A B B C is the most likely trajectory, with probability 0.002205 to actually go through this trajectory and see the landscapes as you report.

Question 1: Suppose you go through 4 regions and see the series of landscapes X3, X3, X4, X5. What is most likely 4-city trajectory?

Task 2: How to determine the most likely final region where you are in the end?

Approach:

Incrementally determine the probability of ending in region A, or Region B, or Region C, or Region D after visiting one, two, three, and four regions respectively. 

Stage 1: Calculate the probabilities of visiting one region, seeing X1, and ending in A, or B, or C, or D respectively.
	
	X1
	X3
	X4
	X6
	

	Region A
	0.5
	
	
	
	

	Region B
	0
	
	
	
	

	Region C
	0
	
	
	
	

	Region D
	0
	
	
	
	


Stage 2: Based on stage 1, calculate the probabilities of visiting two regions, seeing X1, X3, and ending in A, or B, or C, or D respectively.
	
	X1
	X3
	X4
	X6
	

	Region A
	0.5
	0.5*0.3*0.3 = 0.045

(extended from A)  
	
	
	

	Region B
	0
	0.5*0.7*0.2 = 0.070

(extended from A)
	
	
	

	Region C
	0
	0
	
	
	

	Region D
	0
	0
	
	
	


Stage 3: Based on stage 2, calculate the probabilities of visiting three regions, seeing X1, X3, X4 and ending in A, or B, or C, or D respectively.
	
	X1
	X3
	X4
	X6
	

	Region A
	0.5
	0.045
	0.045*0.3*0 = 0

(extended from A)
	
	

	Region B
	0
	0.070
	Sum(

0.045*0.7*0.7 if from A

0.070*0.9*0.7 if from B

) = 0.06615

(extended from A or B)
	
	

	Region C
	0
	0
	0.070*0.1*0.1 = 0.0007

(extended from B)
	
	

	Region D
	0
	0
	0
	
	


Stage 4: Based on stage 3, calculate the probabilities of visiting four regions, seeing X1, X3, X4, X6 and ending in A, or B, or C, or D respectively.
	
	X1
	X3
	X4
	X6
	

	Region A
	0.5
	0.045
	0
	0
	

	Region B
	0
	0.070
	0.06615
	0.06615*0.9*0 = 0
	

	Region C
	0
	0
	0.0007 
	Sum(

0.06615*0.1*0.5 if from B

0.0007 *0.4*0.5 if from C

) = 0.0034475

(extended from B or C)
	

	Region D
	0
	0
	0
	0.0007*0.6*0=0
	


Final result: C is the most likely final region where you are now, with probability 0.0034475 of actually going through some trajectory, seeing the landscapes as you report, and ending in C.

Question 2: Suppose you go through 4 regions and see the series of landscapes X3, X3, X4, X5. What is most likely final region where you are in the end?
Task 3: What is the probability of seeing a series of 4 landscapes X1,X3,X4,X6 when going through a series of 4 regions in that city?
Approach:

It is simply the summation of the probability of seeing 4 landscapes X1,X3,X4,X6 through 4 regions ending in region A, the probability of seeing 4 landscapes X1,X3,X4,X6 through 4 regions ending in region B, the probability of seeing 4 landscapes X1,X3,X4,X6 through 4 regions ending in region C, and the probability of seeing 4 landscapes X1,X3,X4,X6 through 4 regions ending in region D. In other words, just sum up all the probabilities in the last column of the table in stage 4 of Task 2.
Question 3: What is the probability of going through 4 regions and see the series of landscapes X3, X3, X4, X5?
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