Discrete Structures: Midterm Exam Part I

Due: 5:00pm Tuesday, May 20
Guidelines: No collaboration allowed. Contact me directly or through emails if you have questions. You can hand in a hard copy of the work to me or drop it in my mailbox.

Consider the graph G1 below for the first 5 problems. The vertices denote cities, and the weight of an edge is the cost to transport one truck load of cargo from one city to another city. 
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#1. Write down the weight matrix (i.e. the distance matrix) and refer to it as D1. Apply the special matrix multiplication algorithm to get the five matrices D1  D2  D3  D4  D5 one by one as described in the algorithm..  

#2. Continue with #1 above. Explain how, based on the five matrices D1  D2  D3  D4  D5 , you can determine (i) the minimal cost to transport one truck load of cargo from v2 to v6 using no more than 1 intermediate stop and (ii) the minimal cost to transport one truck load of cargo from v2 to v6 using no more than 3 intermediate stops. What are the costs respectively?

#3. Consider the graph G1. 

Write down the weight matrix (i.e. the distance matrix) and refer to it as F 0. Apply the Floyd-Warshall algorithm for six iterations to get the six matrices F 1  F 2  F 3  F 4  F 5  F 6 one by one.

#4. Continue with #3 above. Explain how, based on the five matrices F 1  F 2  F 3  F 4  F 5  F 6 , you can determine (i) the minimal cost to transport one truck load of cargo from v2 to v5 without using any vertices beside v1,v2,v3 as intermediate stops, and (ii) the minimal cost to transport one truck load of cargo from v2 to v5 without using any vertices beside v1,v2,v3, v4 as intermediate stops?. What are the costs respectively?

#5. Consider the graph G1 again. Company SIX_DEPOT_EXPRESS has 6 depots, one in each of the six cities in G1. The company wants to make one of the depots the central supporting depot. This central supporting depot has to supply the need of the other depots. So everyday, five separate trucks, one bound for one of the other five depots, will be dispatched from the central depot. Each truck will carry cargo to its designated depot in the morning and bring back some cargo to the central depot in the evening.  (i) In what city should SIX_DEPOT_EXPRESS set up the central depot to minimize the daily total transportation cost? (ii) What is the minimal daily total transportation cost? (iii) What routes should these trucks follow achieve the minimal total operational cost? 

(Hint: further utilize the shortest-path information you derive in problems #1~#4.)

6. Consider a complete graph of 15 vertices:   a, b,  c,  d,  e,  f,  g,  h,  i,  j,  k,  l,  m,  n,  o

The following page gives you the length of edges connecting these 15 vertices and the shortest distance between vertices after conducting the shortest path calculation.

(i) Succinctly explain how you can find a shortest path between any given pair of vertices, given the information of the length of edges connecting the vertices and the shortest distance between vertices (after conducting the shortest-path calculation).

(ii) Apply what you say above to find a shortest path from vertex c to vertex o. 

The length of edges between vertices

    
a   b   c   d   e    f   g   h   i    j    k   l    m  n   o

a:  
0  51 57 44 50 39 14 28 28 32 54 15 15 11 37 

b: 
51  0 11 21 65 12 37 46 61 34 12 43 62 32 31 

c: 
57 11  0 66 48 45 57 16 21 28 19 62 57 29 65 

d: 
44 21 66  0 64 33 61 12 43 43 54 31 41 63 38 

e: 
50 65 48 64  0 57 54 32 67 67 29 33 31 59 68 

f: 
39 12 45 33 57  0 26 45 60 52 58 56 50 12 14 

g: 
14 37 57 61 54 26  0 38 36 55 60 19 20 60 16 

h: 
28 46 16 12 32 45 38  0 31 43 18 19 33 34 44 

i: 
28 61 21 43 67 60 36 31  0 46 30 56 66 21 38 

j: 
32 34 28 43 67 52 55 43 46  0 34 49 36 53 27 

k: 
54 12 19 54 29 58 60 18 30 34  0 68 48 52 19 

l: 
15 43 62 31 33 56 19 19 56 49 68  0 51 43 45 

m: 
15 62 57 41 31 50 20 33 66 36 48 51  0 29 28 

n: 
11 32 29 63 59 12 60 34 21 53 52 43 29  0 34 

o: 
37 31 65 38 68 14 16 44 38 27 19 45 28 34  0 

The shortest distance between vertices after calculation

    
a   b   c   d   e    f    g  h   i    j    k   l    m  n   o

a: 
 0 35 40 40 46 23 14 28 28 32 46 15 15 11 30 

b: 
35  0 11 21 41 12 37 27 32 34 12 43 50 24 26 

c: 
40 11  0 28 48 23 48 16 21 28 19 35 49 29 37 

d: 
40 21 28  0 44 33 50 12 43 43 30 31 41 45 38 

e: 
46 41 48 44  0 53 51 32 59 63 29 33 31 57 48 

f: 
23 12 23 33 53  0 26 39 33 41 24 38 38 12 14 

g: 
14 37 48 50 51 26  0 38 36 43 35 19 20 25 16 

h: 
28 27 16 12 32 39 38  0 31 43 18 19 33 34 37 

i: 
28 32 21 43 59 33 36 31  0 46 30 43 43 21 38 

j: 
32 34 28 43 63 41 43 43 46  0 34 47 36 43 27 

k: 
46 12 19 30 29 24 35 18 30 34  0 37 47 36 19 

l: 
15 43 35 31 33 38 19 19 43 47 37  0 30 26 35 

m: 
15 50 49 41 31 38 20 33 43 36 47 30  0 26 28 

n: 
11 24 29 45 57 12 25 34 21 43 36 26 26  0 26 

o: 
30 26 37 38 48 14 16 37 38 27 19 35 28 26  0
#7. XYZ national park has 9 scenic routes in it to form a transportation network like the following graph G2, where each edge represents a scenic route and the vertices are the intersections of the scenic routes. Every car must enter and leave the park through the only entrance at V1, and it takes half an hour to drive from either end of any scenic route to the other end of the same route.
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(i) Is it possible to enter the park, drive through each scenic route at least once, and then leave the park in 4.5 hours? If so, show a way to do it. If not, prove that it is impossible. 

(ii) If we are willing to miss one of the 9 scenic routes, is it possible to enter the park, drive through each of the other 8 scenic routes at least once, and then leave the park in 4 hours? If so, show a way to do it. If not, prove it is impossible.

(iii) If we are willing to miss up to 2 of the 9 scenic routes, is it possible to enter the park, drive through each of the other 7 scenic routes at least once, and then leave the park in 3.5 hours? If so, show a way to do it. If not, prove it is impossible.

#8. Consider the following functions: f(x) = x2, g(x)=log x, and h(x)=x!
Which of the following statements about Big O notations are correct?

(i)  f(x) = O( f(x) ) 
(ii) f(x) = O( g(x) ) 

(iii) f(x) = O( h(x) )


(iv) g(x) = O( f(x) )
(v) g(x) = O( g(x) )

(vi) g(x) = O( h(x) )

(vii) h(x) = O( f(x) )
(viii) h(x) = O( g(x) )

(ix) h(x) = O( h(x) )

#9. Use mathematical induction to prove that for every integer n≥ 1 the following equality always holds: ∑ 1≤ i≤ n (2*i – 1)  =  n2. In other words, the summation of the first n odd natural numbers 1, 3,…,2n-1 always equals the square of n.

#10. Using proof by contradiction to show that any tree with 2 or more vertices must have at least two vertices of degree 1.

#11. For any three sets P, Q, and R, are the following two equations always true respectively? 

(i).  (P(Q(R)c  =  (P(Q) c ( (P(R) c
(ii)  R c = (P (R c)  (  (Q (P c (R c)  (  ( (Q(P) c ( (R(P) c )

For each one above, either provide a counter example or apply the laws of algebra of sets to prove it is true.
V4





V5





V2





V6





V3





V1





V4





V5





V2





V6





V3





V1


























